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CHAPTER 


. Introduction 


Chen  no  additional  funde  are  expended  on 
recovered  ac  the  termination  of  the  repr 

at  the  end  of  the  repair  la  p(B)u.  The 

illustrated  in  Figures  4.1  through  4.6. 
curve  p(E)  is  strictly  non-increasing  ii 

L,  ■ L3<  Figure  4.2  is  an  example  of  ai 

noticed.  A similar  type  of  threshold  ii 


addition  Co  the 
:(E,u)  is  defined  to  be 

tion  p(E)  corresponds  to 
function)  p(E)  are 

le  linear  curve  P(E)  in 


P«> 


Figure  4.3.  Example  of  e curve  p(E). 


P(E) 


corresponding  change  In  E.  Figures  4. 


increasing  Che  level  of  expenditures  beyond  and  up  Co  does  not 
result  In  s decrease  In  p(E).  In  Figure  4.4  a different  threshold 

The  value  of  E acts  as  a decision  variable  since  it  controls 
both  C(E,u>  and  p(E).  Consequently,  the  age  replacement  policy  of 
Chapters  2 end  3 is  modified  to  incorporate  E,  and  becomes  the  cuo- 
variable  decision  policy,  the  E,X-policy. 

The  new  problem  generated  from  extending  the  linear  hysteresis 
problem  so  chat  partial  repair  is  economically  controlled  is  called 
the  economically  controlled  linear  hysteresis  problem.  This  problem 
with  non-sero  downtime  for  repair  is  examined  in  this  chapter.  For 
Che  functional-differential  equation  (1.14)  with  failure  rate  function, 
(x),  equal  to  , and  with  p(E)  equal  to  a (0  £ a < 1),  a constant,  a 
general  solution  is  determined.  The  method  of  obtaining  this  solution 
is  identical  to  the  method  discussed  in  the  introduction  to  Chapter  3. 

E,X-policy  is  an  optimal  policy  for  the  economically  controlled  linear 
hysteresis  problem.  For  several  curves  of  p(E)  versus  E,  the  E,X- 
policy  is  investigated  for  an  equipment  subject  to  a linear  operating 

.Differential  Equation  with 


ie  functional-differential  equation  (1 


- li 


j(x)  + XxJSjdJfjtpffW  * - q(x) 


,(x)  - c(x)  + k(x)X(x)  + u - SjdJJMx)  * C(E,x»(x>  (4. 


E[(x)  - (i  + AJtjOO  + X^CHfjCxx)  - - q(x) 
q(x)  - c(x)  + lk(x)  + ±2^*1  II  - hr(i)l  + »C(E,x) 


The  procedure  to  obceln  the  general  solution  to  (4.3)  coosis 
of  determining  a complementary  solution,  a particular  solution,  and 
constant  term  of  these  solutions  by  evaluating  the  general  solution 
x equals  aero.  It  can  be  verified  {Appendix  A)  that  the  general 


yj(x)  - (i  + »)y2Cx)  + IhjCUjjCax)  - - q(x) 

A complementary  solution  to  the  homogeneous  equation  (4.6)  has  been 
previously  obtained  in  Chapter  3 (see  (3.6)  and  (3.8)  through  (3.16) 


To  determine  a particular  solution  y2<x),  it 
solve  Che  linear  differential-difference  equation  (4. 


q(x)  - g(x)  +»c(E,*)  <*•» 

As  in  Chapter  3,  g(x)  is  assumed  to  be  a member  of  the  class  of  nth 
degree  polynomials  whose  coefficients  are  all  requlrod  to  be  positive. 


From  (l.ll),C(E,x>  Is  given  by 


C(E,x)  - Ex”  , m-0,1,2,3... 


polynomial  g(x)  and  since  E >.  0,  q(x)  Is 


*i«  - ^<«>  + 


differencial  equation 

fj<x)  - (1  + DfjCx)  + IkjCOfjta)  - - c„  - IE  (4.17) 


Solving 


s<*>  ■ '1*  + «o  + » <*•”> 

fJCx)  - {1  + UtjCx)  + XhT(i)f1<!«)  - - Clx  - c„  - IE  (4.22) 


fjCx)  ■ f J (0)S  (x,a)  + p ^ 1 p (a)P  fa) — ls(x,a)  - 1)  (4.23) 

Using  (4.29)  in  (4.23).  1C  Eollows  chat  at  x - X 


jJjylSB..)  -11+  I'-pjfe] 


which  are  identical  CD  chose  deter 
g(x>.  By  specifying  a value  of  a 

e1  > 0)  by  utilising  the  equation 


displayed  in  Figures  4. 


ra.  The  scoling  factor  corresponds 

or  the  B,X-policy.  These  veriablea 
id  itjti).  The  following  discussion 
le  quantitative  results  obtained. 

For  the  concave  curve  p(E)  displayed  in  Figure  4.5,  the  results 
indicate  chat  either  minimal  repair  or  major  repair  ia  performed 
following  on  equipment  failure.  In  addition,  as  the  scaling  factor  is 


irt  fro®  major  repair  to 

!S  p(E)  (including  linear  curves). 


ir  linear  eurvea  p(e)  as  in  Figures  4.1 
and  4.2,  convex  curves  p(E)  as  in  Figure  4.6,  and  more  complex  versions 
of  the  curves  p(E)  displayed  in  Figures  4.3  and  4.4,  the  amount  of 
repair  following  an  equipment  failure  can  be  any  amount  of  partial  repair 
from  minimal  to  major  repair,  inclusive. 

The  following  comments  concerning  the  sensitivity  of  the 
parameters  for  the  E,X-poliCy,  as  Che  critical  variables  are  varied 
one  at  a time,  apply  Co  all  the  curves  p(E)  investigated.  If  either  K 
Increases,  or  1 increases,  or  Cj  decreases,  the  amount  of  partial  repair 
and  corresponding  reduction  of  service  age  following  a failure  increases, 
and  Che  replacement  age  X decreases.  In  addition,  the  value  of  f^fO), 

Che  minimum  total  expected  discounted  cost  over  an  infinite  time 
horlson  starting  with  an  equipment  age  rero,  Increases.  If  6 Increases, 
the  amount  of  partial  repair  decreases,  and  Che  replacement  age  X 
Increases.  Also,  the  value  of  f^(0>  decreases.  Decreasing  h^ti) , the 
Laplace-Stieltjes  transform  with  parameter  1 of  Che  repair  time  distri- 
bution function  HjtO,  results  in  a decrease  in  the  reduction  of  service 
ago  at  the  conclusion  of  a repair.  Increasing  Che  scaling  factor  results 
>f  partial  repair  and  the  replacement 
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Illustrated  in  Table  A. 3. 


c.  q(x>  - Cj*  + c0  + *Ex 


Substituting  (A. 27)  In  <4. 3)  yields  the  functional-differential  equation 

!{M  - (1  + DfjCx)  + iKjfDfjta*)  - - CjX  - c0  - XEx  (4.28) 


Letting  K(X)  ■ K - constant  In  (4.30).  the  following  is  obtained 


jj  -l  s sis  sis  aia  sla  5 
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THE  HUMBER  OF  OPERATING  PERIODS  IN  (0,X1  FOR 
THE  LINEAR  HYSTBRESIS  PROBLEM 


Tills  chapter  Investigates  8 renewal  process  associated  with 
the  linear  hysteresis  problem.  Between  successive  replacements  of  the 
equipment,  as  it  ages  from  0 to  X,  there  exist  alternating  operating 
and  repair  periods.  Operating  periods  are  terminated  by  failure,  not 

of  a repair  acts  as  a point  of  partial  regeneration  of  the  service 


ir  hysteresis  problem. 


ondusion  of  the  last  repair  period  prior  to  replacement,  the  equipment 


HOC)  can  be  understood  in  an  industrial  setting.  A plant  manager  has 
a piece  of  equipment  which  when  it  fails,  prior  to  replacement,  has  a 
major  repair  performed  on  it.  He  is  contemplating  reducing  the  level 

will  be  on  the  expected  number  of  equipment  failures  prior  to  replace- 
determined  for  the  linear  hysteresis  problem  with  constant  failure  rate 


-'saiWW;. 


Solving  the  difference  equation  (5.2)  subject  to  the  boundary 
(5.1) , the  following  Is  obtained 


The  probability  that  the  number  of  operating  periods  In  (0,X) 
is  r Is  equal  to  the  probability  that  > X and  Wi  < X for  1-1 


the  boundary  cases  of  a - 1 (minimal  repair)  and  a - 0 (major  repair) 


independently  and  Identically  distributed  os  the  negative  exponential 


P(X(X) 


Wj-X,.  . **.*■•■• 


(5.5) 


PlH(Jt) 


with  negative  exponential  distribution,  then 


Thus,  the  probability  mass  function  N(X)  is  the  geometric  distribution, 


Consider  now  the  probability  mass  function  for  N(X)  for  the 


For  r ■ 0,1, 2,3,  and  6,  P{N(X)  ■ r)  is  determined.  Prom  the  values 

is  inferred.  Figures  S.l  through  5.4  are  sample  functions  of  the  service 
age  process  for  MtX)  - 1 4,  respectively. 


le  linear  hysteresis 


-i(X-« t.)U-8) 


dx^dXjdx^ 


• d‘ld,2 


„-»»->  . -xx  [*  . 

<!-.)  J Xe 


X-oXj 


Substituting  (5.10)  in  (5.14)  yields 


- * WOO  m 21 


2) 


10)  in  CS.18)  and  integrating  the  first 
of  (5.18),  the  following  is  obtained 


Substituting  (5.1 


By 


3-1 


-2 


3-1 


P{N(X)  - 1) 


(5.21) 


pt  - p(»a> 


This  compact  form  for  expressing  P{N(X)  - r)  Is  used  in  Che  following 
section  Co  obcaln  the  expected  value  of  N(X) , E[N(x) ! . 


smooi  ■ I i p(n(x) 


Substituting  (5.23)  in  (5.27)  yields 

E[N(X)  ] - Uj  + t[er  - Y S^PJ 

■ “! + X ™r  - j2  Y *w- 

■ 1 r“r  - 1 i!  " - ■ + ">'« 


- Z rat-  J Z * 


+ B1F3  + 2S2Pj  + 3S3P1 


- ji  t»r  £ Ft 

Similarly,  expanding  l l t 


Substituting  (5.29)  and  (5.30)  in  (5.2S),  yields 
EIN(X)]  - ^ rec  - rsr  Pj  - J1  8,  JI  IPi 


following 


Is  obtained 

El»(X)]  - rar  " rBr<l  ' V ' Jj  *rEll,<x>1 
Collecting  teres  In  E[N(X)1  end  since  “ ® * chen 

(1  + 6t)E[»CX)l  - ^ ror  - rBt(l  - e iX> 


Expression  (5.31)  permits  the  computation  ot  the  expected  m 
operating  periods  In  [0,X]  for  a given  value  of  a. 


CONCLUSIONS  AND  RECOMMENDATIONS 

of  partial  repair  of  a failed  equipment  and  the  subsequent  partial 
reduction  Cor  hysteresis)  of  service  age.  By  varying  the  amount  of 


id  instantly*  Failure  resull 
formed  for  a length  of  time,  ca: 


le  downtime  for  repair 


laced  instantaneously  with  an  identical  new  one.  The  repair  and 
lacement  problem  generated  under  these  assumptions  was  the  hysteresis 
A cost  structure  incorporating  variable  operating  costs, 
osts,  replacement  costs,  and  loss  of  revenue  per  unit  of  down- 


When  Che  hyaceresis  age 


unique  1 inice  optical  equipment  replacement  age  X tD  exist  were  obtained. 

It  was  determined  that  the  polynomial  form  representing  gCx)  must 

Numerical  results  which  illustrated  the  value  of  X and  the  corresponding 
coat  for  following  on  optimal  X-polley  were  tabulated  for  two 
polynomials  g(x),  as  several  of  the  critical  variables  were  varied. 

The  results  of  the  sensitivity  analysis  on  the  tabulated  results  are 

An  extension  to  the  linear  hysteresis  problem  for  which  the 
amount  of  partial  repair  was  economically  controlled  required  the 
addition  of  e new  decision  variable.  Analytic  results  for  Che 
resulting  two  variable  decision  policy  were  not  possible.  However, 
analysis  of  tha  quantitative  results  obtained  indicate  that  for 

major  repair  was  performed.  In  addition,  the  amount  of  partial  repair 
A probability  mass  function  for  the  number  of  operating 
6.2  Recommendations  for  Future  Research 


indlceted  by  the  results  developed  in  this  dissertation. 


chan  that  considered  in  Chapter  3.  Anothi 


r possibility  is  to  consider 


fj<x)  - li  + UxllfjOO  - k<x)hT<i)f1(a(*»  • - g( 

The  only  hysteresis  age  function 


processes  generated 


the  hysteresis  problem  which  are  areas  for  future  research, 
of  time  la  one  possible  area.  Another  possible  area  Is  the 


probabilities  of  equipment 


‘i<*>  - *W*1« 


The  properties  of  f^n)  ere  continuity,  monotone  Increenlng  In  x,  end 


equetlon  (*.«.  then  1,00  - JXM  + 7a<*>  *•  * “ <*•*>• 


fc  I'!**)  ♦ - *«»!»  + *»> 


as  che  method  of  Integration  in  aeries  has  resulted  in  a complementary 
solution  being  obtained  for  the  case  a(x)  - as,  »(*)  - X.  The 
complementary  solution  is  assumed  to  he  of  the  form 


Upon  appropriately  substituting  the  assumed 
in  terms  of  o„,  an  arbitrary  constant. 


APPENDIX  B 


S(x,8,XhT(l),«) 


IhT(I)«k)  (B.l) 


if  V (6  - ihT(i).k) 

■gsyr  k;0  (e  ■ “V1)t,k) 


$-2  <*->*,>»»*>*  x$ 


<>  - «,«>**> . 


-■V“* 


LOG  SCY. 


Figure  8.2.  Graph  of  Log10  for  0 " *20* 
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